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Abstract 

In this paper, we characterize the (left) multiplier algebra of a semidirect product algebra 
A = BqX, where I and B are closed two-sided ideal and closed subalgebra of A, respectively. 
As an application of this result we investigate the BSE-property of this class of Banach al¬ 
gebras. We then for two commutative semisimple Banach algebras A and B characterize the 
BSE-functions on the carrier space oi A B, the ())-Lau product of A and B, in terms of 
those functions on carrier spaces of A and B. We also prove that A S is a BSE-algebra 
if and only if both A and B are BSE. 
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1 Introduction 

Let A be a Banach algebra and snppose that I and B are closed two-sided ideal and closed 
snbalgebra of A, respectively. Following Bade and Dales [1, 2] we say that A is a semidirect 
product of B and Z A = B Q) I. Indeed, in this case the product of two elements (6, a) and 
(5', a') oi B®Z is given by 


{b,a){b' ,a') = {bb' ,aa' + ba' + ab'), 

and this algebra endowed with the norm ||(6, o)|| = ||6|| -|- ||a|| is a Banach algebra. This notion 
was also studied by Berndt [4] and Thomas [21, 22] and they considered under what conditions 
a commutative Banach algebra is the semidirect product of a subalgebra and a principal ideal. 
We also note that the algebra © X is a splitting extension of B by Z. These products not only 
induce new examples of Banach algebras which are interesting in its own right but also they are 
known as a fertile source as examples or counterexamples in functional and abstract harmonic 
analysis; see for example [16, 5]. An example of this type of algebras, which is of special interest, 
is the 4>-Lau product of two Banach algebras A and B. In fact, suppose that cj) ■. B ^ A is a. 
contractive algebra homomorphism. Then the (jy-Zaw product of A and B, denoted by Ax B, 
is defined as the ^^-product space Ax B endowed with the norm ||(a,6)|| = ||a|| + ||6|| and the 
product 

(a, b){a', b') = {aa' + (f){b)a' + a(j){b'),bb') 
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for all (a, b), (a', b') £ A x B. It is clear that with this norm and product, ^ ,6 is a Banach 

algebra. Identifying A with A x {0} and B with {0} x ,6, ^ is a closed ideal of ^ x^ and B is 
a closed subalgebra. Therefore, AX(j)B \s a. semidirect product algebra of B and A. This type of 
product was first introduced by Bhatt and Dabhi [3] for the case where A is commutative and 
was extended by the authors for the general case [10, 17]. 

In this paper, we characterize the (left) multiplier algebra of in terms of the individual 
(left) multiplier algebras of B and Z. We then apply this result to investigate the BSE-property 
of this class of Banach algebras. For two commutative semisimple Banach algebras A and 
B we characterize the BSE-functions on the carrier space IS.{A x^B) oi A x^B, in terms of 
those functions on A(^) and A(;B). We also show that the (/>-Lau product of two commutative 
semisimple Banach algebras A and B is BSE if and only if both A and B are BSE. Finally, 
we use these results to study the BSE-property of certain Banach algebras related to a locally 
compact group G. 

2 (left) Multipliers on semidirect product algebras 

Let C be a Banach algebra and let X and Y be two Banach C-bimodules. An operator T : X ^ Y 
is called a left C-module map if T{c ■ x) = c - T{x) for all c G C and x £ X. Right C-module and 
C-bimodule maps are defined similarly. We denote by Homc{X,Y) the space of all bounded left 
C-module maps from X into Y. Define LM{C) to be the left multiplier algebra of C. That is, 

LM(C) = Homc{C,C). 

Suppose now that A is the semidirect product algebra B £)Z. Note that the dual A* of A can 
be identified with B* x X* in the natural way given for each f £X*, g £ B* and (6, a) £ B (BZ 
by 

{(gj), ib,a)) = g{b) + f{a). 

We start the section with a key lemma. 

Lemma 2.1 Let A be the semidirect product algebra B (BZ. Then T £ LM{A) if and only if 
there exist some Rx £ Homis{Z,Z), 8% £ Homis{B,Z), Tg £ LM{B) and 5g £ Homis{Z, B) 
such that for each a, a' £ I and b,b' ^ ^ we have 

(i) T{{h,a)) = {Ssia) + TB{b),Ri{a) + Sx{b)). 

(ii) Rx{aa') = aRx{a') + aSsia'). 

(hi) Rx{ab) = aSx{h) + aTisib). 

(iv) Sisiaa') = Ss{ab) = 0. 

Proof. Suppose that T £ LM{A). Then there exist bounded linear mappings Ti : A ^ B and 
Ta : A^Xsuchthatr= (ri,T 2 ). Let 5g(a) = Ti((a, 0)), 5j(6) = T2((0, 6)), Tg(6) = Ti((0, 6)) 
and Rx{o) = T 2 ((a, 0)) for all a G X and b £ B. Then trivially 5g, Sx, Tjs and Rx are linear 
mappings satisfying (i). Moreover, for every a,a' £Z and b,b' B 


( 1 ) 


r((6,a)(6',a')) = T{{bb\ aa' + ba' + ab')) 
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= (^Ssiaa'+ ba'+ ab') + TB{bb'), 

Rx{aa' + ba' + ab') + Si{bb')^ 

and 

(2) ib,a)T{ib',a')) = (6, a) ^x(a') + 5x(60) 

= + bTts{b'),aRi{a') + aSi{b') 

+aSi3{a') + aTisib') + bRi{a') + bSi{b')^ 

Thus T G LM{A) if and only if (1) and (2) coincide; that is, 

(3) Ssiaa' + ba' + ab') + TB{bb') = bSsia')+ bTB{b'), 
and 

(4) Rx{aa'+ ba'+ ab') + Si{bb') = aRx{a') + aSx{b') + aSB{a') 

+aTB{b') + bRx{a') + bSx{b'). 

Therefore T G LM{A) if and only if the equations (3) and (4) are satisfied. Now a straight¬ 
forward verification shows that if Rx G HomB{I,I)^ Sx G HomB{B,1)y Tb G LM{B) and 
Sb G HomB{R,B) and the equalities (ii), (hi), (iv) are satisfied, then (3) and (4) are valid. Apply¬ 
ing (3) and (4) for suitable values of a, a', 6, 6' shows that Rx G HomB{I,I)^ Sx G HomB{B,Z)i 
Tb G LM{B) and Sb G HomB{Z,B) and the equalities (ii), (hi), (iv) are also satisfied, as 
claimed. ■ 

For a right Banach C-module X we denote by {XC) the closed linear span of the set XC := 
{x • c : c G C, X G X}. As an immediate consequence of Lemma 2.1 we have the following result. 

Corollary 2.2 Let A be the semidirect product algebra B (B I such that either {IB) = I or 
(I^) = I. Then T G LM{A) if and only if there exist Tj G HomB{I,I) FI LM{I), Sx G 
HomB{B,I) o-'iid Tb G LM{B) such that Tx{ab) = aSx{b) + aTB{b) and 

T{{h,a)) = {TB{h)Ax{a) + Sx{h)) 

for all a G I and b G B. 


Remark 2.3 Let .4, be a Banach algebra and suppose that I and B are closed two-sided ideal 
and closed subalgebra of A, respectivly. Then for each ip G A (I) there is a unique ^l>^p G 
A(;B)U{0} such that ip{ab) = p{ba) = p{a)'if^p{b) for all a G X and b G B. Indeed, G A(;B)U{0} 
is defined by ipipib) := p>{bao) for all b G B, where oq G X is any element with 99(00) = 1; to see 
this, note that for each a G X and b G B, 

p{ab) = 99(0600) = 99(0)99(600) = 99 (o)V'(p( 6 ). 

That Tpp, is unique follows trivially. We note that if {IB) = X, then ^ 0 for all 99 G A(/). 
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Proposition 2.4 Let A be the semidireet product algebra B(Bl and let 

E := V?) : v? G and F := {(•0,0) : 0 G A(;B)}. 

T/ien E and F are disjoint and A(.4.) = E U F. 

Proof. It is clear that E f] F = (h and E U F C A(4.). For the converse, suppose that (0, (p) G 
A(4.). Then, for each (6, a), {b',a') G 4. we have 

{b,a){b',a')) = (6, a))((0, (/?), (6', a')). 


This implies that 

'ij{bb') + ip{ab' + ba + aa') = 'ij{b)'ip{b') + 'ip{b)ip{a') + ip{a)'ij{b') + ip{a)p{a'). 

Taking 6 = 6 ' = 0 , it follows that p{aa') = p{a)(p{a') and therefore p G A(X) U { 0 }. Similarly, 
we can see that 0 G ^{B) U { 0 }. Now, if a = 6' = 0 , then we have p{ha') = 'il){b)p{a'), similarly 
p{ab') = p{a)il>{b') for all a, a' G T and b,b' G B. The equality p = 0 implies that 0 7^ 0 . If 
(^0 0, then 0 = by the above remark. ■ 


3 The BSE-property of semidireet product algebras 

A commutative Banach algebra C is called without order if for each c G C, cC = {0} implies 
c = 0. For example, if C is a commutative semisimple Banach algebra, then it is without order. 
Let C be a commutative Banach algebra with carrier space A(C) and let C* denote the dual space 
of C. A continuous complex-valued function a on A(C) is said to satisfy the Bochner-Sehoenberg- 
Eberlein (BSE) inequality if there exists a constant C > 0 such that for any pi^ ■■■,Pn G A(C) 
and Cl, ...,Cn G C the inequality 


n 


n 

Y^cjaipj) 

<C- 


i=i 


i=i 


holds. Let Cbse{^{C)) denote the set of all continuous complex-valued functions on A(C) 
satisfying the BSE-inequality. The BSE-norm of a denoted by ||ct||_bs'£;, is defined to be the 
infimum of all such C. Takahasi and Hatori [19] showed that under this norm Cbse{^{C)) 
is a commutative semisimple Banach algebra. A linear operator T on C is called a multiplier 
if it satisfies cT{b) = T{c)b for all 6, c G C. Suppose that M{C) denotes the space of all 
multiplier of the commutative Banach algebra C which is a unital commutative Banach algebra. 
Recall that for each T G M{C) there exists a unique continuous function T on A(C) such that 
T{c){p) = T{p)c{p) for all c G C and p G A(C); see [15, Theorem 1.2.2.]. A commutative 
Banach algebra C without order is called a BSE-algebra (or is said to have the BSE-property) if 


Cbse{A{C)) = M{C). 
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The concept of BSE-property has been first introduced and studied by Takahasi and Hatori 
[19] and later by several authors in various classes of commutative Banach algebras; see also 
[7, 8, 9, 12, 13, 14, 20], 

A bounded net (ea)a in a Banach algebra C is called a A-weak bounded approximate identity 
if it satisfies (p{ea) 1 for all (p € A(C). Such approximate identities were studied in [11], It 
was shown in [19, Corollary 5] that a commutative Banach algebra C has a A-weak bounded 
approximate identity if and only if M(C) C C'b 5 £;(A(C)). 

In the sequel, we assume that ^ is a commutative semidirect product algebra of semisimple 
closed subalgebra B and semisimple closed ideal X. 

Corollary 3.1 Let A be the eommutative semidirect product algebra B(Bl- Then T G M{A) if 
and only if there exist Tj G 77ome(X,X) n M{X), Sj G HomQ{B,Z) and G M{B) such that 
Tx{ab) = aSx{b) + aTjs{b) and 

T{{b,a)) = {Trs{h),Tx{a) + Sx{h)) 

for all a G I and b G B. 

Proof. Suppose that T G M{A). By Lemma 2.1, there exist some Rx G Homj3{I,Z), Sx G 
HomB{B,Z), Tb G M{B) and Sb G HomB{Z,B) such that for each a G I and b G B we have 

r((6,a)) = iSBia)+TB{b),Rx{a) + Sx{b)). 

Moreover, SB{ba) = 0. Since Sb G HomB{Z,B) and B is without order, it follows that Sb = 0 
and Rx G M{Z). The converse is clear. ■ 


Proposition 3.2 Let A he the semidirect product algebra B(BZ such that {ZB) = Z. Then B is 
a BSE-algebra if A is so. 


Proof. Suppose that p G Cbse{A{B)). Define a function a on A{A) by 


cr(V^, 0) = p(V’), cr{tp^, (p) = p{ii^) 

for all V’ £ nnd p G A(X). Then a is continuous since {ZB) = Z and so ^ 0 for all 

p G A(/). Moreover, since p G Cbse{A{B)), by [19, Theorem 4(i)] there is a bounded net {ba)a 
in B such that baiip) c(V’) for all V’ ^ Now, if we consider {ba,0)a as a net in A, then 

(6«,0)(V',0) ^ cr(V^) = o-(V’,0) 


for all i)) G A(B) and 

(ba,0)(tp^,p) = a{i;p,p) 

for all p G A(X). Thus, a G Cbse{A{A)) and therefore, there is some T G M{A) such that 
T = a. By Corollary 3.1, there exist some Tj G HomB{Z,Z), Sx G HomB{B,Z), Tb G M{B) 
such that for each a G I and b G B we have 


T{{b,a)) = {TB{b),Tx{a) + Sx{b)) 
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On the other hand, T(6, 0)(V',0) = T(V^, 0)(6,0)(V', 0) for all ip € A(B) and b ^ B. Thus, 

^P{Tisib)) = f{^p,0)m- 

It follows that Tis(b){'ip) = T(V’,0)6(V’). Moreover, T,g(6)('0) = Te(V^)6('0) for all b £ B. There¬ 
fore, T{{^p,0)) = T,s(V’) and consequently, 

pW = = f(V^,0) = Tei'ip) 

for all i) G A(;B). This means that p G M{B); that is, CBSEi^iB)) C M{B). The reverse inclu¬ 
sion follows from this fact that if A has a A-weak bounded approximate identity, then so does BM 

Now, for two Banach algebras A and B we turn our attention to the BSE-property of direct 
sum algebra AxqB. Recall that AxqB is equipped with the usual direct product multiplication 
and the norm defined by ||(a, 6)|| = ||a|| -|- ||6|| for all a G M and b £ B. Also, it is clear that 
A(M XqB) = EU F, where 

E = {(</3,0) : If £ A(M)} and F = {(0, V') : ij) £ A(R)}. 

We have the following corollary which was obtained independently in [12] through different 
methods. For sake of completeness and as an application of Corollary 3.1, we will give a proof 
of the corollary. 

Corollary 3.3 Let A and B be two eommutative semisimple Banach algebras. Then AxqB is 
a BSE-algebra if and only if A and B are BSE-algebras. 

Proof. It is easily verified that Ch{A{AxQB)) = C'fe(A(M)) XqCi,{A{B)). Indeed, a £ C'fe(A(Mxo 
B)) if and only if there are r G C'b(A(M)) and p £ Cb{A{B)) such that a = {t,p); that is, 

a{(p,0) = T{ip) and (t( 0, V') = /o(V’) 

for all (p £ A (A) and V’ G A(R). Moreover, 

Cbse{A{A xo B)) = Cb{A{A xq B)) n (M** xq ^**)|a(.AxoB), 

by [19, Theorem 4]. This shows that Cbse{A{A Xq B)) = Cbse{A{A)) Xq Cbse{A{B)). On 
the other hand, by Corollary 3.1 we have M{A Xq B) = M{A) Xq M{B). It is also easy to check 
that 

M(Xxo B) = M{A) Xo M{B). 


The rest of the proof is straightforward. 
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4 The BSE-property of (;/)-Lau product algebras 

Let A, B and 4* be as in the introduction. If i;/) = 0, then the algebra Ax^pB coincides with the 
direct sum algebra A Xq B. We also recall from [10, Theorem 2.2] that A(^ x^ B) = E U F, 
where 


E = o (j)) : (f ^ A{A)} and F = {(0, V'): ip ^ A{B)}. 

In the sequel for two commutative semisimple Banach algebras ^ ad we characterize the 
BSE-functions on A(^ ,6) in terms of those functions on A(^) and A{B). 

Lemma 4.1 Let A and B be commutative semisimple Banach algebras and let (p : B ^ A he a 
contractive algebra homomorphism with dense range. Then the following statements hold. 

(i) Let a G Cbse{A{A Xq B)) and define functions r on A{A) and p on A{B) by 

T{ip) = a{(p,ip o (p) — a{0,ip o (p) and p{tp) = a{0,tp) 

for all (f G A(^) and tp G A{B). Then r G Cbse{A{A)) and p G Cbse{^{B)). 

(ii) Let T G Cbse{A{A)) and p G Cbse{^{B)) and define a function a on A(.4 Xg B) by 

a{(p,ip o (p) = T{ip) + p{(p o (p) and a{0,'ip) = pifi) 
for all (f G A(^) and tp G A{B). Then a G Cbse{^{A x^ B)). 

Proof, (i). First note that the density of (p{B) in A implies that (/? o i;/) 0 for all (/9 G A(yl), 

and therefore r is well defined. It is also trivial that r and p are continuous. Moreover, by [19, 
Theorem 4(i)] there is a bounded net {aa,ba)a in M x,^^ such that ||(aa,6Q)|| < ||o'||bs£; and 
(oq,, ba)(j) —> o'(j) for all 7 G A(7l x^ B). Therefore, for each ip G A{B), 

bai'ip) = (a„, 6„)(0, Ip) cj(0, Ip) = p{ip) 

and for each ip G A(M) we have 

a4{(p) = {Oa, ba){T, ^po(p) - ba{p> 0 (p) -t a{ip, (p o (p) - cr(0, ipo(p) = T{ip). 

These show that r G CBSEi^iA)) and p G Cbse{^{B)). Finally, since ||6 q,|| -|- ||aQ,|| = 
II (Oa, 6a) II < \\(t\\bse, it follows from [19, Remark on p. 154] that \\t\\bse + WpWbse < IWWbse- 
(ii). As it was mentioned above p) o cp ^ ^(B) for all (p G A(M) and consequently a is well 
defined. Furthermore, Since E and F are closed in A(M x^ B), it follows that a is continuous. 
By assumption and [19, Theorem 4(i)] there exist bounded nets {aa)a and (6^)^ in A and B, 
respectively with ||aQ,|| < ||r||B 5 £; and ||6^|| < HpUbse such that a)i:((/?) T{ip) and 6^('0) p{ip) 
for all ip G A(M) and ip G A{B). If we consider the bounded net (oq, bp)a,p in A x^ B, then 

(tta, bp){ip, ipo(P) = afi{ip) + bp{ip ocp) ^ T{ip) -h p{ip o(p) = a{ip, p o fi) 

for all {ip,ip o (p) G F and 

(oa, bp){0, Ip) = bp{ip) p{ip) = cr(0. Ip) 
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for all {0,'ip) G F. Therefore, {aa,b)s){'y) —> < 7 ( 7 ) for all 7 G A(^ B). Hence, a G 

CbSe{^{-^ X 0 F)) and ||ct||b 5 '£; < ||r||B 5 £; + ||/ 5 ||b 5 E. ■ 

Now, assume that A and B are commutative semisimple Banach algebras and let cj) : B A 
be a contractive algebra homomorphism with dense range. Suppose that T = 4’*\a{A) ■ ^(“4) 
A(H). Then the map (j) : Cbse{^{F)) —>■ Cbse{^{^)) defined by (l){o') = a o T is a contractive 
algebra homomorphism. 

Theorem 4.2 Let cj) : B ^ A be a contractive algebra homomorphism with dense range. Then 
the map G : {t, p) ^ a of Lemma 4-1 is an isometric isomorphism from 

Cbse{^{F)) x~Cbse{^{A)) 

onto Cbse{^{A x^ B)). 

Proof. It follows from Lemma 4.1 that 0 is bijective and isometric. It suffices to observe that 0 
is also an algebra isomorphism. Indeed, given n G Cbse{^{A)) and pi G Cbse{^{B)), i = 1, 2. 
Then for each (p G A(^), 

(0((ri, pi)(r 2 , P 2 )), (v?, T°4>)) = (0(7172 + ^(pi)72 + 7i^(p2), /J 1 P 2 ), {t, T ° </>)) 

= [71 (v?) + Pi (v? o (/))] [r 2 ((/?)+ P 2 (</? o </>)] 

= (0(71, Pl)0(72,P2),(<P,<po (/>)). 

Similarly we can show that (0((ri, pi)(r 2 , P 2 )), (0, V’)) = ( 0 ( 7 i, pi) 0 ( 72 , P 2 ), (0, V')) for all V’ G 
A(H) which completes the proof. ■ 

Let A and B be commutative semisimple Banach algebras and let 0 : H —>■ 7l be a contractive 
algebra homomorphism. Then it is easy to check that the map <I> AxqB ^ Ax^jyB defined by 

$(a,6) = (a-(/)(6),6) ((a, 6) G .4 xq H) 

is an algebra isomorphism and 

||(a - m,b)\\ = Ik - m\\ + Ikll < Ikll + (Ikll + l)lkll < (Ikll + l)ll(a, &)ll 

Moreover, Since both algebras are semisimple, it follows that $ is also a topological isomorphism. 
Therefore, there is a homeomorphism <I> between A{A Xq B) and A(M x^ B) given by 

${(p,po(j)) = {p,0), $( 0 , 1 /^) = ( 0 , 1 /^) 

for all (p G A(M) and ip G A(H). As an application of Corollary 3.3 we have the following result 
characterizing the BSE-property of M H. 

Theorem 4.3 Let A and B be two commutative semisimple Banach algebras. Then Ax^B is 
a BSE-algebra if and only if A and B are BSE-algebra. 
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Proof. By Corollary 3.3 it suffices to show that ^ is a BSE-algebra if and only if ^ Xq ^ is 
a BSE-algebra. In fact, suppose that A B is a BSE-algebra and let a G Cbse{^{A Xq B)). 
Define r on A(^ x^B) by 


= cr(v?,0), r(0, V') = o-(0,-0) 


for all ip G A(^) and V' £ A(0). Since t = a o <!)*, it follows that r G Cbse{^{A x^ B)), 
where <I> is the above isomorphism between AxqB and A x^p B. By assumption there is some 
T G M{A Xp^B) such that T = t. Now, consider the map S = : AxqB ^ AxqB. Then 

it is trivial that S G M{A Xq B). We show that S = a. Indeed, for each ip G A(^), a € A and 
b G B we have 


S{ip,0){a,b){^,0) 


S{a,b){p>,0) 

($-ircI>(a,6),((^,0)) 

(r(a - (/)(6),6),^>"^*((/?,0)) 

(r(a-(/)(6),6),(v?,(/?o(/))) 

T{ip,ipo(f>)a{ip) 

cr((/?,0)(a,6)(v?,0). 


Therefore, 5((/?, 0) = a{ip,0). Similarly, we can show that 5(0, ■0) = cr{0,'ip) for all 0 G ^(B). 
This shows that CBSEi^{A XqB)) C M{A Xq B). Eor the reverse inclusion note that if {ua,Va) 
is a A-weak bounded approximate identity for A x<^0, then Uq,)) is a A-weak bounded 

approximate identity for AxqB, which implies that ^ Xq ^ is a BSE-algebra. Similarly, we can 
show that the converse is also true. ■ 


Recall that a locally compact group G is called amenable if there exists a translation-invariant 
mean on L°°{G). Now, let A{G) be the Eourier algebra of G, introduced by Eymard [6]. Then 
A{G) is always an ideal in the Eourier-Stieltjes algebra B[G) and M{A{G)) = B{G) when 
G is amenable. Eurthermore, the carrier space of A{G) as a commutative Banach algebra 
is homeomorphic to the topological space G where each x G G is mapped to ipx-, the point 
evaluation at x. Thus, in the following we identify A(yl(G)) with G. 

The following result was obtained independently in a different way in [14]. 

Theorem 4.4 Let G he an amenable locally compact group and let N he a closed normal sub¬ 
group of G such that G/N is compact. Suppose that q : G ^ G/N is the quotient map, and 
let 

B{G) = [B{G/N)oq] XoA{G). 

Then B{G) is a BSE-algebra. 

Proof. Since G/N is compact, it follows from [6, Corollary 2.26(3)] that the map tt —)■ u o g is an 
isometric Banach algebra isomorphism between A{G/N) = B{G/N) and its image A[G/N))oq. 
Since both G and G/N are amenable groups, it follows from Corollary 3.3 and [14, Theorem 
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5.1] that B{G) is a BSE-algebra. ■ 

The following example shows that B{G) can be a BSE-algebra when G is noncompact. 
Therefore, we do not have the dual version of the result on BSE-property of M{G). 

Example 1 Let n > 1 be an integer, p a prime number, Qp the field of p-adic numbers, and Zp 
the ring of p-adic integers. Then the semidirect product Gp^n = Qp »< GL{n, Ip) is a noncompact 
amenable locally compact group. Runde and Spronk [18] showed that 

B{Gp^ri) = [A{GL{n,ljp)) o g] xq A{Gp^n)- 

Since GL{n,1p) and Gp^n are compact and amenable groups, respectively, it follows from above 
theorem that B{Gp^n) is a BSE-algebra. 
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